The primary purpose of this paper is to consider the problem of determining when a function / has its JVth mean convex for N sufficiently large. To develop the necessary machinery, we devote § 2 to obtaining some properties of the means which we shall need in the sequel, and we devote § 3 to obtaining representations for functions / possessing means of all orders. In particular, Theorem 3 shows how a wide class of functions / admit representations as sums of infinite series whose iVth term involves the JVth mean of /. Then in § 4 we examine the question posed at the beginning of this paragraph. (Lemma 6 together with Theorem 5 yields a condition which is necessary and sufficient for a sufficiently well behaved function to have its iVth mean convex. We then use this theorem to obtain two sufficient conditions for a starshaped function to have its iVth mean convex for N sufficiently large. This is done in Theorems 6 and 7. Finally, in Theorem 8, we use the Baire Category Theorem to show that not every continuous starshaped function has one of its means convex.
2* Preliminaries* We begin with some remarks and simple observations. In the sequel, we shall denote the iVth mean of / by F N {f :x). As circumstances warrant, this notation will be shortened to
The fact that / is summable does not insure that means of all orders exist. Thus, the mean of the function / given by f(x) = α-Hlog αOΛ/ίO) = 0 is F,(x) "= -x^Qogx)-1 , i*\(0) = 0, but F, is not summable on any neighborhood of the origin. 
LEMMA 1. Let feM(a).
Then the following representations for valid for x > 0 omcZ N -1, 2, 3, :
Proof. Equation (1) is obtained by interchanging the order of integration on the N times iterated integral. Equation (2) is then obtained from (1) by the change of variable v = xu.
Jo
The following lemma shows that k N is an approximation to the Dirac δ function.
LEMMA 2. The kernel k N {n) has the following properties:
Proof. Parts (i), (iii) and (iv) follow from inspection of the kernel k N , and part (ii) can be obtained by setting / = 1 in (3). Proof. Let ε > 0. Choose δ > 0 so that \f(x) -/(0 + ) | < ε when 0 < x 5g δ. Noting Lemma 2, we have Proof. We prove the theorem for N = 1. The general result follows by induction and by observing that for N > 1,
We have
Since / and ί\ are assumed differentiable at the origin, lim^o F&x) = 3* Representation theorems* In this section we show how a function feM(a) for which /(0 + ) exists can be represented as the sum of an infinite series involving its means.
Let feM(a) and let x be a point at which / is the derivative of its integral. Then from the equation
Inductively we obtain the finite represen-tation X n=i X which is valid for any x at which / is the derivative of its integral. In particular, (4) Proof. By noting (4) we see that it suffices to show that
is the mean of a function which has zero for the limiting value at the origin, it tends uniformly to zero on [ε, a] by Theorem 1.
The first and third equalities follow from (3) and the interchange of order of integration in the second equality is justified by the summability of f(x)/%.
Proof. Without loss of generality, assume /(0 + ) = 0. Using (4) and Lemma 3, we have
We see from Theorem 1 that lim*--*,
and Theorem 4 follows.
4* Convexity of the means* We now turn to the problem of determining when a function / has convex means F N {f) for sufficiently large N. Theorem 5 together with Lemma 6 gives a necessary and sufficient condition for the Nth mean F N (f) to be convex. This condition is in terms of a kernel integral which is not practical to use for specific functions. We use this condition to obtain two sufficient conditions in Theorems 6 and 7. These theorems state that a starshaped function / (that is, one for which the function [f(x) -f(0)]/x is increasing) has one of its means convex provided f(x) behaves sufficiently well for small x.
To motivate these results, we first observe that it was shown in [2] that any function / for which F x {f) is convex, must be starshaped. It is easy to verify that the converse is not valid. However, if / is starshaped, then it follows immediately from Theorem 4 that Σ^i-PVί/: x) is convex. Since the operation of taking a mean is a "smoothing" operation, this suggests that F N {f) is convex for N sufficiently large. This is false as Theorem 8 shows, but is true, as stated before, if / is sufficiently well behaved for small x. We note in passing that the condition of starshapedness cannot be entirely removed from the hypothesis of Theorems 6 and 7. Thus, the function which is equal to x on [0,1] and one on [1, co) satisfies the hypotheses of these theorems (except for starshapedness), but all of its means are concave. To simplify some of the calculations, we shall henceforth assume that all functions vanish at the origin.
It was shown in [2] that the means of a convex function are convex, and the means of a continuous starshaped function are starshaped. Lemma 4 below does not require / to be continuous. 1 -a)y) g ag(x) + (1 -a) 
]/x, the condition for convexity can be written in the form 
Proof. Utilizing the integral representation (3) to express (5) yields (6).
We are especially interested in the case where / is starshaped on [0, a] and / is convex on [0, ε], ε < α. Thus we need the following theorem. Using the fact that the second derivative of Since /(0) = 0 we can use the expression
to rewrite the first term on the right in equation (8); thus yielding equation (7). In order to utilize Theorem 5 we need to know some of the properties of the kernel functions s^ and r N . These are given in the following lemma.
LEMMA 7. The kernel s N has the properties: Proof. We will show that Q N {x) is nonnegative on [0, a] for sufficiently large JV. Since g r {xu) ^ 0 a.e. for u e [0,1], x 6 [0, α], it follows from property (i) of Lemma 7 that the second integral on the right in (7) is nonnegative for sufficiently large JV. We will show that there is an JV such that
Jo for all x e [ε, a] by using the fact that f"(xu) ^ 0 for u e [0, δ] and x G [0, a]. We need only consider the case where /" vanishes on no neighborhood [0, ε'], since otherwise by providing that δa < ε' we have J N ΞΞΞ 0 and are done. If /" vanishes on no neighborhood of the origin, using the notation of Lemma 7, we have
and since r^(δ) < 0, 
uniformly on [ε, a] as N-> oo, and since /" vanishes on no neighborhood of the origin the continuous function Proof. The first statement is obvious. The second follows by noting that if / is superadditive, then F λ (f) is starshaped [2] .
We are now ready to prove a theorem which shows that for a wide class of starshaped functions, the means are eventually convex. We note that if the function g of Theorem 7 is differentiate, then g must also be absolutely continuous. This follows from the fact that if / is starshaped, g is increasing, and any differentiate monotonic function must be absolutely continuous. The conditions of Theorem 7 are not necessary for F N {f) to be convex for sufficiently large JV. From the Riemann-Lebesgue lemma it is easy to see that for fixed N 9 there is a ε > 0 such that when 0 < x < ε the last integral above is less than 2 in absolute value and thus Q N (x) ^0 on [0, ε] . It follows then from Theorem 6 that for any a > 0 there is an N for which
We now show that not every starshaped continuous function which vanishes at the origin must have its means F N {f) be convex for N sufficiently large. We first prove a lemma. 
